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The effective target size of a specific binding site on a long polymeric chain can be considerably enhanced if the associating
molecules slide along the chain in a one-dimensional diffusion. Such a mechanism has been proposed to explain the *faster than
diffusion controlled’ association of the /uc repressor protein with the operator site on a long IDNA chain. An important
experimental tool for investigating the properties of rate-enhancing mechanisms of this type is now becoming available. In
these experiments the DNA chain length is varied and the association rate of the investigated protein is measured. Previous
attempts to describe theoretically how such one-dimensional sliding processes behave under those conditions were cither
oversimplified or connected with fundamental errors. We present here a theory for the association rate of proteins with a
specific site on DNA molecules with variable lengths. We use a steady-state approach as do Schranner and Richter (Biophys.
Chem. 8 (1978) 47) but, in contrast, use boundary conditions which appear 10 be physically more reasonable.

1. Introduction

Many biological functions rely on the binding of a protein to a specific site on the chromosome. Some
examples are repressor-operator binding which turns gene expression on and off, binding of RNA
polymerase to the promoter site where transcription starts, and the action of restriction endonucleases
which first bind to their recognition sequences before cleaving. These binding sites are defined b:r a specific
DNA sequence. In order to speed up the search for such sites, which are present in the vast excess of
structurally similar nonspecific sites on the chromosome, the proteins can be envisaged as sliding along the
DNA in a one-dimensional diffusion. Such a process would be possible if the protein had some affinity for
the nonspecific DNA, without being held too tightly so that thermal forces would drive a diffusive motion
res ricted to one dimension along the chain.

this sliding mechanism was first proposed to explain the anomalously fast lac repressor-operator
association [1], which proceeds at a rate several orders of magnitude faster than that expected from an
ordinary diffusion-controlled association between molecules and targets of the size of the operator. Several
theoretical calculations have been presented to describe the effects of the sliding mechanism on the
association rate constant under various conditions. Thus, Richter and Eigen [2] assumed that such shding
in =ffect would extend the operator target size to a length equal to the distance a repressor could slide along
the chain without intermediate dissociation. The argument here is that a repressor landing within this
distance from the operator site would also be able to slide into the site and be bound. Berg and Blomberg
[3—5] extended the sliding model by explicity incorporating the coupling between the one-dimensional
diffusion along the chain and the three-dimensional one in solution, thus being able to account both for the
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competitive effect of the nonspecific binding and the time delay due to the sliding.

The predictions of the Berg-Blomberg theory (extended and summarized in ref. 6) compare very well
with experimental data for the Jac repressor-operator association [7,8] where the ionic strength has been
varied corresponding to a variation in the nonspecific binding strength over several orders of magnitude.
The conclusion is that the lac repressor does appear to slide with a rate of about 107°-107% cm? s~ 1.

The theoretical models discussed above were not intended to describe the association to shorter rod-like
DNA fragments. For such a situation, Schranner and Richter [9] calculated a chain-length dependence of
the association rate using a steady-state approach for a spheroidal geometry. However, Schranner and
Richter used a coupling between the three-dimensional diffusion outside the DNA chain and the
one-dimensional diffusion along the chain which seems unreasonable.

They neglected the contribution to the total flux onto the chain of protein molecules dissociated from
the nonspecific sites on the DNA chain. This neglect of spatial correlations led them to predict a zero
association rate constant to the specific site of an infinitely long DNA chain. On the surface their result is
not surprising, since it is well known that an infinitely long absorbing cylinder together with a fixed
concentration of diffusing particles at infinite distance leads to zero influx per unit length of the cylinder.
In the present work, we show that a mechanical application of this result to the description of associating
proteins to specific DNA sites leads to erroneous conclusions. We use a steady-state approach and we
proceed by taking the appropriate spatial correlations into account when we formulate the boundary
conditions which describe the coupling between the flux from the free state and diffusion flux along the
DNA chain. The relevant chain-length dependence of the association rate to specific DNA sites is then
derived. Next we show that there indeed exists a nonzero flux to specific sites embedded in infinitely long
straight DNA chains and we present an expression in closed form for the association rate constant in this
special case.

Finally, we discuss the formal equivalence between sready-state treatments, as in the present work, and
approaches based on the calculation of mean associatior times as employed by Berg and co-workers [3-6].

2. The diffusion eguations

To define the relevant molecular parameters, let us first consider an equilibrium situation with one DNA
chain in a solution with a homogeneous concentration ¢, of protein. The density u of bound protein per

unit length of the chain is assumed to be so small that all exclusion effects can be neglected. The
association flux ¢, of protein onto the chain is proportional to cg:

d.,a..\s =,“.0 ( l)
This relationship defines the microscopic nonspecific association rate constant k. The corresponding
dissociation flux ¢, is proportional to binding density u:
édi,\.szAu (2)
This relationship defines the microscopic nonspecific dissociation rate constant A. At equilibrium these two
fluxes balance such that the nonspecific binding constant can be expressed as:
_ ulDy ki
R R o)

where [/ is the length of a nonspecific binding site * and D the total concentration of these sites, such that

* I is typically the length of a base-pair (/=3.4 A), since each base-pair is the potential start of a nonspecific binding site. However,
the choice of / is not important here other than for the choice of units for the ncnspecific binding constant which is normally given
per mol base-pair. For simplicity of notation, we shall assume in the following that Ky, is given in units of cm’ and all bimolecular
associition rate constants in co® s~ ',
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ulD+ is the total concentration of nonspecifically bound protein.

To derive a specific association rate constant, consider a DNA chain of length 2L situated along the
z-axis, —L=<z=< L, with the specific site in the middle at -=0. The effective reaction radius of the chain is
b The concentration of free protein c(r, z) outside the chain satisfies a steady-state diffusion equation
which in cylindrical coordinates becomes:

2 2
3c+l.§£+ac
ar r or 32

=0 (4)

with the usual boundary condition at infinity
c(r.z)—cq for r—~oo orz—oo )
When nonspecifically bound, a protein is assumed to be able 1o slide along the chain with a relative

one-dimensional diffusion constant D,, or dissociate with a rate constant A. Thus, the density of
nonspecifically bound protein u(z) satisfies the diffusion equation:

d?u
d:?

D, —Autke(b.z)=0: —L<z<L.:70 (6)

where the source term kc is the association flux of free protein proportional to the concentration c(5, )
outside the chain surface r=5. At the chain ends, we shall assume reflecting boudaries

du

dz :=:l_:0 (7)
whereas at the specific site complete absorption takes place
u(0.:)=0 Q)]

In this way, the freely diffusing protein is used as a source term for the sliding (eq. 6). The coupling must
also be reciprocal, such that the concentration c(r, z) of free protein depends on the binding density ., and
c(r, z) from eq. 6 must give the net flux ¢ onto the chain:
é(:)EZf.-bD%E =kc(b,z)—Au(z): —L<:z<L 9

r=bh
where D is the relative three-dimensional diffusion constant. Only the boundary conditions at the flat ends
of the rod remain to be specified. To avoid some of the problems with a discontinuous change of boundary
conditions, we shall assume that the chain extends beyond |z|=L all the way to infinity. but that this part is
totally inert for binding, i.e.
_ dc P

¢(:)=2wbD3- Lh—o. iz|=>L (10
We note that this inert extension effectively introduces an excluded volume effect, which for all practical
purposes will be negligible. Furthermore, since we are unable in any case to specify what kind of
association takes place over the flat ends of the rod, this assumption is as justified as any other.

Now, egs. 4—10 completely determine the problem and the specific association rate constant, k,, can be
calculated from the steady-state flux into the sink at z=

kuca=2D, 5% an
or, equivalently, from the total net flux onto the chain

= " g:2-6p9¢
koco —f_ dz2=bDl 12)

The main difference between our treatment and the formulation of Schranner and Richter [9] appears in
egs. 6 and 9. Our eq. 9 is not only the net source term in the one-dimensional diffusion equation (eq. 6) for
the movement along the chain but also serves as the boundary condition at the chain surface for the
three-dimensional diffusion equation (eq.4). In contrast, Schranner and Richter [9] solve eq.4 or an
equivalent diffusion equation in spheroidal coordinates with an absorbing or partially absorbing boundary
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at the chain surface. By doing this they neglect the influence on the free particle distribution of the efflux
from nonspecifically bound molecules on the chain. In effect, their association and dissociation fluxes are
coupled only at infinite distance from the chain. This implies a neglect of the cross-fluxes between
nonspecific sites where a protein dissociating from one such site can reassociate to one nearby without
diffusion to infinity. This in turn leads to an underestimate of the concentration of molecules outside the
chain and this underestimate becomes progressively more pronounced the longer the chain. In the limit of
infinitely long chains, therefore, they inevitably end up with the result that the influx to the specific site is
zero.

The essence of our treatment, where this artifact has been avoided by taking the efflux of particles from
the chain into account when the inner boundary condition for the three-dimensional diffusion is
formulated, may be illustrated in the following way. Far away from z=0 the influence of the absorbing
barrier a1 the specific site is weak. This influence becomes progressively smaller the larger the z-coordinate.
Therefore, the nonspecific DNA sites are, to a correspondingly better approximation, equilibrated with the
protein molecules in the free state as the distance to the specific site becomes larger. In consequence, the
net influx to the chain decreases with the distance to the sink and amounts to zero in the limit of infinite z.
Accordingly, the influence of an absorbing barrier at the specific site on the distribution of particles in the
free state i1s only local and does not extend to the whole DNA chain.

3. Solution

3.1. Integral equations

Since the problem is totally symmetric around z=0, we need only consider z=0. The general solution to
€q. 4 satisfying the boundary condition at infinite distance (eq. 5) is:

c(r.:)=c0[l —L”dgf(g) cos(gz)x.,(gr)] (13)

where K, is 2 modified Bessel function and f(£) an unknown function to be determined from the boundary

conditions at r=»5 (eqs. 9 and 10). The general solution to the sliding equation (eq. 6) with boundary
conditions (eqs. 7 and 8) can be expressed as:

u(z)=kD,_'j(;Ldz'c(b,:')g(:,z’)

(1%)
where g(z, z°) is the Green’s function solution
sinh(pz) cosh(pL—pz’) Otk

pcosh(pl)
8(=22071 Ginh(pz") cosh(pL—pz) . omsreael (3

pcosh(pL) -
and
p*=A/D,

Thus, inserting egs. 13 and 15 into eq. 14 we can derive an expression for the binding density u(z) and
thus for the net flux ¢ of protein onto each unit length of chain

S (z)=kc(b,z)—Au(z)

h(pL—pz o 2f-1 inh( pz = 2]t
=kco%‘ﬁ{r— L déf(&)Ko(ib)["“('f;)] }+kro$fo sesorroemesnen| i (£)']

_kcoj;‘“ dAsf(e) cos(gz)z_(,,(gb)[|+ (g)ZJ-'; O<z<lL

£ (16)
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The boundary conditions, eqgs. 9 and 10, are transformed to

271)%]:“ dAEf(8) EbK(Eh) cos(&2) = {f)’_(:): S:;:<L an
or, equivalently,
F(&)=(=2Dco) ' {£bK . (£b)} “fo"d: &(=) cos(£2) (18)

Now, the problem is uniquely defined by the two coupled integral equations, egs. 16 and 18. Although they
can be combined to form a single integral equation in f(£), it is for numerical reasons more convenient to
keep them separate.

From eq. 12 the specific association rate constant is given by

ka=2c0"'j(;Ldz¢(z)=2w2Dj(0) 19

3.2. Infinite chains

Contrary to what has been claimed by Richter and Eigen [2] and by Schranner and Richter {9}, there exists

a steady-state solution for the absorption of proteins to a specific site on an infinitely long straight DNA
chain. Furthermore, in this special case where L— oo, a closed expression for &, can be found. One obtains

[1/{£2Ko(88) + @=D /) (87 +47) £6K,(£) } ]

&)= = (20)
w/2ut [ A£p3/ (8 +17) (£ + @D/K) (£ +47) £K(£5) /Kol £9)} |

Transforming to dimensionless entities

tb=x, l/pb=vy 2n
k/2aDp’b” =a (22)
one has from egs. 19 and 20 the association rate constant

27bD
== (23)

) ['y/la:"f-ﬂ'_'j:c dxKo(x)/xK(x) {1+ (yx)} {I+(y.\')2+a2xl\’o(x)/h’,(.\')}]

In fig. 1, A2 /2wbD has been plotted as a function of a for small values of the parameter y. The physical
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Fig. 1. The association rate constant for infinite chain length from eq. 23 as a function of the effective sliding distance a.
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meaning of these parameters can be explained as follows:
'YI7-'_=1/F"E(DI/A)I/2 (24)

is the microscopic sliding distance, i.e., the average distance the protein can slide without microscopic
dissociation.

ab=(kD, /A25D)"*=(KppD, /2=D1)""* @5)

can be interpreted as a macroscopic (or effective) sliding distance, i.e., the distance the protein can slide
along the chain before ‘total’ dissociation (i.e., microscopic dissociation and diffusion away from the chain).
As discussed previously [5,6,10}, in the diffusion-controlled limit, a total (or macroscopic) dissociation is
preceded by a very large number of unsuccessful microscopic dissociations which leave the protein free in
solution for a very short time before reassociation to the same or to a neighboring site on the chain. Then,
y<a, or equivalently, k>>2aD, and in this limit one also finds numerically that the result of eq. 23 does not
depend on y. We can take this as a practical definition of diffusion control: choose A and k sufficiently
large (while kI/A= Ky, is fixed) such that the result becomes independent of A. All numerical results below
are calculated in this limit.

The sliding distance « as defined by eq. 25 depends only on such physical characteristics as the diffusion
constants and the nonspecific binding constant Kgp,. As a consequence it is well suited as an experimen-
tally measurable parameter of the theory. In contrast, a definition which relies on a macroscopic
nonspecific dissociation rate constant fails, since such a rate constant cannot be uniquely defined in this
system. Is fact, for such a definition it must be specified exactly how far from the chain a protein has to
reach before it is counted as dissociated [6].

4. Finite chains
4.1. Length dependence
(negiecting terms of the order e " #/Y=¢~#

To be more suitable for numerical inte§ration, eqs. 16, 18 and 19 can be manipulated further to give
)

1+ A4 cos(Bx) + U(x)a?xKo(x) /K (x)

y=1 [* 4a - . - 26
¥(2) ﬂ"[() dax cos(xz) I+(yx)2+a2xl\’o(.\‘)/l(,(x) P 0=s=e )
where
U(x)=2 x‘}' = s(xz) dz 27

(x) j’; (=) cos(xz) 7N
B=L/b (28)
and A4 is solved from
A=gf:c dxsin(,.\'ﬂ) axKo(x) 1+4 cos(B:)-—.'U(x){l—l-(-yx)z} 9

7 Jo X Ki(x) 1+ (yx) +axKo(x)/K,(x)
Then, the specific association rate constant is given by
k.= 2abD . G0)
v ljm 1 Ko(x) 1+A4cos(Bx)—U(x){1+(yx)"}
B dx = =
2> = 14+ (yx)" xKi{x) 14+ (yx)’ +a®xKo(x) /K (x)

In the infinite chain limit, L— o0, 8— 00, A —0, U(x)— 0 and the result, eq. 23, is recovered. The equation
system, eqs. 26-29, has been solved iteratively using fast Fourier-transform routines on a computer starting
with the ansatz 4= U(x)=0 in eq. 26, i.e., starting with the infinite chain solution and then calculating new
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values for 4 and U(x) from eqgs. 27 and 29. The convergence of the procedure can be checked by an
internal consistency requirement, 4 — U(0). It is also confirmed by the numerical resuit that
k, 28

256D~ In(2B) S

for all #>1 when the sliding length is much greater than the chain length, i.e., when a> 8. This is the limit
when the whole chain serves as an absorbing target. In this limit alone, our result agrees with that of
Schranner and Richter. Tliis is as expected, since in this case there can be no cross-fluxes like those that
were neglected in their derivation. The approximate agreement in this limit also confirms that our different
way of treating the chain ends is of no fundamental consequence; i.e., the inert chain extension is not
significantly different from approximating the DNA cylinder by a spheroid.

In fig. 2 we have plotted & as a function of the sliding length « for various chain lengths 8. In fig. 3 & is
plotted as a function of B for various values of a. A direct comparison with the predicted length
dependence from Schranner and Richter [9] is difficult, since their sliding distance is based on the existence
of a uniquely defined dissociation rate constant. Although such a rate constant can be defined for the finite
chains, it must be length dependent [6]. Consequently, their results [9] must carry an implicit length
dependence not accounted for by their theory.

4.2. Direct association 1o a specific site without sliding

The present treatment allows us to derive in a very direct way the association rate constant to a specific
DNA site in the case when the protein molecule is unable to diffuse along the DNA chzin. It is somewhat
surprising that this fundamental situation, i.e., when there is no rate-enhancing mechanism present, has
been given such scarce attention in the literature. To our knowledge the only derivations published are
those by Berg et al. [6] where the analysis was based on mean association time calculations. We are now in
a position where we can offer a simpler solution to the problem. Since the inherent mathematical
difficulties cannot be completely avoided we shall derive suitable approximations.

Consider a DNA chain which is much longer than the dimension of the specific site. To calculate the
flux of particles onto the specific site we need the solution to the following diffusion problem. Along the
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Fig. 2. The association rate constant as a function of the effective sliding distance a for various chain lengths. Curves: A, 8=6: B,

B=12:. C, B=20; D, B—co.

Fig. 3. The association rate constant as a function of chain length 8 for various values of the effective sliding distance. Curves: A,
a=10; B, a=20; C, a=30: D, a=40.
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z-axis there is a cylinder with radius b. It constitutes a refiecting barrier for free particles everywhere except
in the interval — L’<<z< L’ which defines the length of the specific site and where incoming particles are
absorbed. At infinity the free protein concentration has the value ¢y and we look for the stationary flux
over the absorbing barrier. Jt is clear that the solution to this problern follows as a special case of the
present treatment if we take the limits & — oo (diffusion control) and A—0 (no return 1o the free state). The
whole DNA chain of length 2L is now an absorber embedded in a reflecting cylindrical extension where no

sliding iakes place and we derive our result by making ihe identification L=1" so that 2 L. now means the
length of the specific site.
From eqgs. 16, 18 and 19, one finds in the imit k— co, A=0

_{I AEf(%) cos(Ez)Ko(£b)=1; O=<z<L' G2)
(&)= ~Deg mf "dz¢(=) cos(£2) (33)
k,=2=2Df(0) (39)

eg. 32 is simply the requirement that the surface concentration is zero for an ideal sink, and eq. 33 gives the
net stationary flux zero onto the nonspecific part z> L’ of the chain.

One simple approximation can be derived by assuming the total net flux, &k c,. to be distributed
homogeneously over the site such that &(z)Y=k ¢, /2L’. Then, from eq. 33 one finds
k., 1 sin{£L")

M= e any ¢ (35)

Demanding that eq. 32 be valid at least at =0, i.e,, zero surface concentration at least outside the mdd!=
of the site, one finds

§ 47 DL’ 6
s f e Ko(®) _sin(zL) N
ki £bK,(£h) £

For L’»b, this gives approximately (f £bX,(£b)=1 in the region where the integrand contributes most)

. A=DLT 28
R ™ Y7 M T ¢ T )

which is the expected result for this limit as in eq. 31. However, the approximatons employed would be
even better for L’<b and consequently eq. 36 will be a reasonable approximation also in this interesting
Jimit.

For smaller L’, the asympiotic parts of the Bessel functions contribute increasingly K (x)/xK (X)), .=
|94 (x+31).

A useful approximation here is Kg(x)/xK (x)=~K(x)+1/(x+ 1), giving from eq. 36

7

3 - 37
, 1+ 41 In(26/L7) (€0

2 =7Db

for L’ /b« 1. For the special case when the specific site is defined within one base-pair, 2L’=/{ and
L' /b=0.1, eq. 37 gives k, =1.37Db in good agreement with the result of Berg et al. [6].

The importance of employing appropriate boundary conditions, or equivalently of taking ‘hopping’ [6]
into account, for the derivation of k_ is clearly seen from eq. 37. The fact that the absorbing specific site is
embedded in a reflecting cylinder leads to the flux depending only very weakly on the length of the specific

site for small values of L’. In fact, it is the cylinder radius b rather than the length L’ which determines the
cross-section for the reaction in this special case of L' /b« 1.
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4.3. A comparison berween the mean-time approack and the steady-state Irealerient

We can also compare the present steady-state result with the previous mean-time calculations [3-6]. By
taking the appropriate infinite limit in ref. 3, exactly the same expression for ¥ can be derived as that
given in eq. 23, thus confirming the equivalence between the two approaches. The mean-time approach has
the feature that it ‘automatically’ includes competition effects, ie., the time delay due to nonspecific
binding. In the steady-state picture above, even an infinite chain constitutes an infinitely dilute system and
to include effects such as the nonspecific competition, one must make the proper identifications. In
agreement with the Von Smoluchowski treatment {11}, the bulk concentration ¢y of protein at infinity
should be interpreted as the free concentration, i.e., that fraction of the total concentration which is not
nonspecifically bound. If the concentration of chains in the experimental system is n4, the average
concentration of nonspecifically bound protein will be 7y-2 ffu(z)dz where u is the density of bound
particles along the chain. Then, the total concentration of protein is given by c¢,,, =c, + 7,2 ffu(z)dz.
With the relationships from section 3 above. this gives a competition factor

- - —~1
2= { |+Drxnp[lﬁ L asrey =G5 ( ko(sb>+:'~,;9—sbk,(£b))]} (3%)
The competition factor is a multiplicative correction to the overall association rate constant which should
be included in all results above. For weak nonspecific binding, Dy Kpp <1, ¢¢ /¢, =1 and it does not
contribute. The part under the integral sign takes care of the reduced binding density along the chains
within the sliding distance from the specific site. For short sliding lengths and long chains, a< @, this
reduction is small and the competition factor is the standard one: cg /¢y, =[1+ D+ Kgpl ™\

In the interesting limit of long chains and Iong sliding distances. (a> 8> 1) as well as strong nonspecific
binding ( D Kgp > 1), this competition factor gives an overall association rate which is determined by the
sliding time along the whole chain, &, n, D, /L2, Thus, by taking the nonspecifically bound particles into
account in this way, we arrive also in this extreme case at a result corresponding to what has been obtained
from mean-time calculations [5,6].

8. Discussion

We have calculated the rate constant for association to specific DNA sites of protein molecules, which
when nonspecifically bound, can diffuse along the DNA chain. In particular, we have derived how the
length of the DNA chain surrounding the specific site influences the association rate. The derivations were
based on the assumption of a steady state for the diffusional flux of particles onto the specific site. This
method of deriving rate constants was first employed by Von Smoluchowski {111 and since then has had
many applications. As far as the method is concerned, our approach is thus identical to that of Richter and
Eigen [2] and of Schranner and Richter [9]. Yet, our results diverge from theirs and in some limits they even
differ drastically. The source of this discrepancy can be traced to the coupling employed here between the
diffusional flux from the free state onto the DNA chain and the sliding of the protein on the chain to its
target at the specific site. Since this flux coupling is at the very heart of the present treatment and leads to
questions of general physical interest, we shall comment further on this topic.

The DNA chain surrounding the specific site acts as a sink for the freely diffusing particles outside it.
This led Richter and Eigen [2] to comment that: “It is well known that an infinitely long chain would be
too powerful a sink as to allow for a nontrivial steady state solution”. Subsequently, Schranner and Richter
[9] derived in spheroidal coordinates the rate of association to a specific site on a long DNA chain and
indeed in their calculation the association rate constant tended to zero as the length of the chain increased
beyond limits. The reason why they obtained this result is that they used the whole stretch of the DNA
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chain as an absorber of particles from the free state without taking into account properly the reentry of
molecules into the free state from the chain. In fact, the strength of the DNA molecule as a sink is
determined by the net steady-state influx of particles onto the chain. This net influx depends strongly on
the distance from the specific site and a very long DNA molecule will accordingly absorb particles from the
free state preferentially around the sink at the specific site over a distance comparable to the macroscopic
sliding distance a as defined above. Therefore, even if the chain length tends to infinity the effective sink
for the particles in the free state will remain finite in length.

The boundary conditions employed in the present work automatically take these features into account
and allow us to derive directly the proper rate constant for association to specific sites on DNA chains of
finite and varying length (fig. 3). These boundary conditions also make the results independent of any
assumed—and thereby, within the theory, undefined—macroscopic nonspecific dissociation rate constant.
In addition, we have derived in a cylindrical coordinate system a close expression for the rate constant for
association to a specific site embedded in a straight DNA chain of infinite length (eq. 23). In contrast to the
result of Schranner and Richter [9], our calculations show that when the chain length increases, the
association rate constant increases monotonically and reaches a plateau when the chain length becomes
much larger than the macroscopic sliding distance a. Thus, the discrepancy between our results and those
of Schranner and Richter will be small when the chain is much shorter than the sliding distance a (fig. 2).
However, when the chain length increascs, the importance of a correct assessment of the boundary
conditions becomes more and more critical. Thus, at infinite chain length, we obtain the maximal rate
constant k_ (figs. 2 and 3) while Schranner and Richter [9] obtain that for zero association.

From this it also follows that there is no fundamental reason to employ spheroidal coordinates for this
diffusion problem, contrary to what was claimed by Richter and Eigen [2]. Indeed, it turns out that when
correct boundary conditions are used the spheroidal coordinates increase the mathematical difficulties in
relation to cylinder coordinates.

If we want to identify a sliding mechanism from experiments we must compare it with the limiting case
of no sliding. The rate constant for association to a specific DNA site in a chain where no one-dimensional
diffusion occurs, derived here as a side result, therefore constitutes an important reference point. One
interesting feature of this direct association is that there is a very weak dependence on the length of the
specific site. The rate constant is thus not proportional to the length itself but is related to the logarithm of
the extension along the z-axis of the specific site. Instead, it is the radius of the DNA chain which enters
linearly in the expression of the association rate constant. This is a purely geometrical effect. It follows

directly from the boundary conditions employed here and this result of the present work is in accord with a
derivation by Berg et al. [6] based on mean association times.
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